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Abstract 

We completely determine fusion rules for irreducible modules of the charge con- 
jugation orbifold. 

1 Introduction 

The charge conjugation orbifold is the orbifold of the lattice vertex operator algebra 
V L associated to a rank one even lattice L by the automorphism 9 given by extending the 
— 1-isometry of L (cf. [|K'l] , Section 6.1]). The set of all equivalence class of irreducible 
V^-modules consists of k + 3 modules derived from irreducible (untwisted) V^-modules 
(we call them untwisted type modules) and 4 modules from irreducible ^-twisted modules 
(we call them twisted type modules) (see |PN2|| ), where k is the half square length of the 



generator of L. In this paper we completely determine the fusion rule for the irreducible 



V^-modules. The intertwining operators for V^-modules constructed in |PL|| give rise to 
intertwining operators for untwisted type modules. We construct intertwining operators 
involving twisted type modules by means of the twisted intertwining operators constructed 
in 



|FLM|| . The fusion rules and explicit forms of intertwining operators for the free 
bosonic orbifold vertex operator algebra M(l) + determined in play important roles in 
analyzing intertwining operators for V£ ■ 

The vertex operator algebra V£ and its irreducible modules are constructed as follows: 
Let L = Za be a rank one even lattice with a Z-bilinear form (• , • ) defined by (a, a) = 2k 
for a positive integer k. Set f) = C®zL and extend the Z-bilinear form to a C-bilinear form 
on \) in the canonical way. Let f) = f) <S>C[£, ®CK be its affinization with the center K. 



Then the Fock space M(l) = S(t) (g) t _1 C[t -1 ]) is a simple vertex operator algebra with 
central charge 1. Let C[fj] = Q)\<=t)Ce\ be the group algebra of the abelian group f), and 
set C[M] = ©AeA/CeA for a subset M of f). It is known that V L = M(l) <8>C[L] is a simple 
vertex operator algebra with central charge 1 (cf. [FLM|| ), and V\ + l = M(l) (g> C[A + L] 
is an irreducible V^-module for all A 6 L°, where L° is the dual lattice of L. Moreover all 
irreducible ^-modules are given by the set { V\+l | A + L G L°/L } (cf. |pi|| ). Let 6 be 
the involution of L defined by 9 {ft) = —ft for ft G L. Then the involution 9 can be lifted 
to an isomorphism of Vl°, and the ^-invariant subspace of V L becomes a simple vertex 
operator algebra with central charge 1, denoted by V£ ■ The automorphism 6 induces an 
V^-module isomorphism from Vp + £ to V-p+L for ft G L°. For a ^-invariant subspace W of 
V^circ, we denote the ±l-eigenspaces by W ± respectively. Then V L , V^ 2+L and V ra / 2 k+L 
for 1 < r < k — 1 are irreducible V^-modules (see |pN2|| ). 

Let = fj®t 1/2 C[t,t _1 ] ®CK be the twisted affine Lie algebra and set M{1){9) = 

5(f) ® r 1/2 C[t -1 ]). Then Af(l)(0) is a unique irreducible ^-twisted M(l)-module (cf. 
|[FLM|| and @). The automorphism 6 acts on M(1)(0), and the ±l-eigenspaces M{1){9) ± 
become irreducible M(l) + -modules (see | DN1|| ). Let T 1 and T 2 be irreducible C[L]- 



L 



modules on which e a acts 1 and —1 respectively. Then the tensor products V 1 
M{1){9) ®T l { i — 1,2) are irreducible ^-twisted V^-modules, and their ±l-eigenspaces 



,=t for 9 become irreducible V^-modules (|piN2||). In |pj\2||, it is proved that every ir- 



reducible V^-module is isomorphic to one of the irreducible modules V^ 1 , V^ 2+L , V ra / 2 k+L 
for 1 < r < k - 1 and for % = 1, 2. 

For a vertex operator algebra and its modules W l ,W 2 and VT 3 , the dimension of 
the vector space Iy( w ^ y3 w2 ) of all intertwining operators of type ( m^m 2 ) * s cane d 
the fusion rule of corresponding type and denoted by N^l W2 . It is known that fusion 
rules have the following symmetry; 

(1.1) 

where W means the contragredient module of W (see [|KHL| , |HL| 1 ) . 

We give the correspondence of irreducible V^-modules and contragredient modules 
(see Proposition [2.8|) . The correspondence and the symmetry of fusion rules (|1 . 1| ) are 
very useful in reducing the arguments to determine the fusion rules for ■ 

We explain the method of determining the fusion rules for V£ in more detail. Let 
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W 1 , W 2 and W 3 be V^-modules, and suppose that W 1 and W 2 contain M(l) + -submodules 
M 1 and M 2 respectively. Then we have a canonical restriction map 



W^W 2 ) ~" J A/(l)+( M ^\l 2 )' y ^U 1 ®^ 2 - 

It is known that if W 1 and W 2 are irreducible, the restriction map is injective (cf. [PL|| , 
Proposition 11.9). Therefore we then have 

dimI v +( W T W 2 ) < dim 7^(1)+ ( m T m2 ). (1.2) 

We also prove that all irreducible V^-modules are completely reducible as M(l) + -modules 
and that the multiplicity of each irreducible M(l) + -module is at most one. Using this 
fact, (|1.2|) and fusion rules for M(l) + , we show that fusion rules for V£ are zero or one. 
The formula (|1.2|) also shows that for irreducible V^-modules W 1 ,W 2 and W 3 , if there 
are M(l) + -submodules M 1 of W 1 and M 2 of W 2 such that the fusion rule N™l M2 for 
M(l) + is zero, then the fusion rule N^l w2 for is zero. For almost of irreducible 
V^-modules W 1 , W 2 and W 3 for which the fusion rule N^t w2 is zero, we can find such 
M(l) + -submodules M 1 of W 1 and M 2 of W 2 . But there are irreducible modules W 1 , W 2 
and W 3 such that the fusion rule N^l w2 is zero although the fusion rule N^ M2 is 
nonzero for any M(l) + -submodules M 1 of W 1 and M 2 of W 2 (for example W 1 = V L , 
W 2 = W 3 = V^ 2+L ). In such case, to show that intertwining operators y of corresponding 
type are zero, we choose irreducible M(l) + -submodules M 1 and M 2 from W 1 and W 2 
respectively. Since the fusion rule N^l M2 is nonzero and W 3 is a direct sum of irreducible 
M(l) + -modules as W 3 = (Bi^iM 3 , we see that the restriction of y to M 1 (g) M 2 is a linear 
combination of intertwining operators of types ( m^m' 2 )' Then ^ ne ex pbcit forms of 
intertwining operators of types ( M ^\ f2 ~) shows y = 0. 



M M 

The nonzero fusion rules is provided by constructing nontrivial intertwining operators 
explicitly. The constructions is separated in two cases; one is the case all modules are of 
untwisted types, and other is the case some modules are of twisted types. 

In the case all modules are of untwisted types, the nontrivial intertwining operators 
are essentially given in fDbfl. |Dh| construct a nontrivial intertwining operator 3^ for 



V L of type ( v ^^y L +L j f° r A,/i G L° . The intertwining operator y^ gives rise to 
a nonzero intertwining operator for of type ( v l 11 V Since 9 induces a V^- 
module isomorphism from V\+l to V^\+l for A 6 L°, the operator 3^,-^ ° # defined by 



y\,-v ° d(u, z)v = yx-^u, z)6{y) for u G V\ + l and v G V^ + l gives a nonzero intertwining 
operator of type ( v l m V Then all nonzero intertwining for untwisted type modules 

V V X+L Vft+L J 

are given by restricting or 3\-^ ° & to irreducible V^-modules. 

In the case some modules are of twisted types, we construct nonzero intertwining oper- 
ators as follows: In [|A[], an intertwining operator y 9 for M(l) + of type f a/(i a^/* m(i)(6>) 



for A G L° is constructed following | b'LM |. As in ||DL|| , for A G L°, we give an linear 
isomorphism ^ of T 1 © T 2 which satisfies e a ip\ = (—l)^ a ' x ^ip\e a = ip\+ a , and define 
y by $>(u,z) = y e (u,z) <g> t/> 7 for 7 G A + L and u G M(l,7). Then for A G L° and 
i,j = 1,2 which satisfy (— lp x > a / +s *<i +1 = 1 ; 3) gives rise to an intertwining operator 
of type ( v l 3 T ], and all nonzero intertwining operators in this case are given by 
restricting y to irreducible V^-modules and by using symmetry of fusion rules ( |1 . 1|) . 

The organization of this paper is as follows: We recall definitions of modules for a 
vertex operator algebra and fusion rules in Section [O], we review the vertex operator 
algebras M(l) + and and their irreducible modules in Section [2.2| . In Section ^]3] 



we state the fusion rules for M(l) + , and discuss the contragredient modules for V£ ' ■ In 
Section |3.1| , we give the irreducible decompositions of irreducible V^-modules as M(l) + - 
modules and prove that the fusion rules for are zero or one. In Section |3.2| , we state 



the main theorem (Theorem |3]^). In Section O and O, the proof of the main theorem 



is given. In Section |3l| we determine the fusion rule N^ lw2 for untwisted type modules 

are determine in the case 



W l (i = 1, 2, 3). In Section |3T^ , fusion rule of type 
some of W l (i = 1, 2, 3) are twisted type module. 



w 3 
w 1 w 2 



2 Preliminaries 



In Section [2.1| , we recall the definition of a g-twisted module for a vertex operator algebra 
and its automorphism g of finite order and that of an intertwining operator following 
FLM| , [b'HL| , piVlZ| and [ DEM ]. In Section |2T2] , we review constructions of vertex operator 



algebras M(l)+, V£ and their irreducible modules following |FEM] , [DTj, pM] , |DNg] . In 
Section we state the fusion rules for M(l) + obtained in (see Theorem pTTj) and 
discuss the contragredient modules for V£ ■ 

Throughout this paper, N is the set of nonnegative integers and Z + is the set of positive 
integers. 
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2.1 Modules, intertwining operators and fusion rules 

Let (V, Y, 1, a;) be a vertex operator algebra and g an automorphism of V of order T. 
Then V is decomposed into the direct sum of eigenspaces for g: 

T-l 

V = V r , V r = { a G V | 0(a) = e"^a }. 

r=0 

A g-twisted V -module is a C-graded vector space M = ©Aec^(A) such that each 
M(A) is finite dimensional and for fixed A G C, M(A + n/T) = for sufficiently small 
integer n, and equipped with a linear map 

Y M :V ^ (End M){z}, 

a ^ Y M (a,z) = J2 a nZ~ n ~\ «GEndM) 

such that the following conditions hold for < r < T — 1, a G V r , 6 G V and u G M: 

FmM= ^ afz-"- 1 , y M (a,^Gz-^M((z)), 

ner/T+2. 

z l 5 z Z2 ^j Y M (a,z 1 )Y M (b,z 2 ) - z^S ^ 2 _^ ^ Y M (b, z 2 )Y M (a, z^ 

r 

= ^~ 1 *( £L ^) (^)"'Wmo)M 2 ), 

Ym(1, 2) = idM, 

L(0)u = Aw for v G M(A), 

where we set Y M (u,z) = J2 ne iL(n)z~ n ~ 2 . 

A o-twisted ^-module is denoted by (M, Y M ) or simply by M. In the case g is the 
identity of V, a o-twisted V^-module is called a V -module. An element w G M(A) is called 
a homogeneous element of weight A. We denote the weight by A = wt(-u). We write the 
component operator a 1 ^ (a G V, n G Q) by a n for simplicity. 

For a ^-module M, it is known that the restricted dual M' = Q)\ecM(\)* with the 
vertex operator Y^(a, z) for a E V defined by 

(Y^(a,z)u',v) = (u 1 , Y M (e zL{ - l) (-z~ 2 ) L{ - 0) a, z^v) 
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for vl G M', v G M is a V-module (cf. |FHT|1 ). The V-module (M',Y^) is called the 
contragredient module of M. The double contragredient module (M')' of M is naturally 
isomorphic to M, and therefore if M is irreducible, then M' is also irreducible (see |[FHL ). 



Definition 2.1. Let V be a vertex operator algebra and (M l ,ljvf<) (i = 1,2,3) be V- 
modules. An intertwining operator for V of type ( m^m 2 ) ^ s a ^ near ma P 3^ : M 1 g) 
M 2 — > M 3 {z}, or equivalently, 



y : M 1 -> (Horn (M 2 ,M 3 )) {2}, 

v i — ► z) = v n zn K e Horn (M 2 , M 3 )) 

suc/i £Aa£ for a G V, t> G M 1 and u G M 2 , following conditions are satisfied: 
For fixed n£C, v n+ kU = /or sufficiently large integer k, 



z, l 5 



z l — z 2 \ ^ r , \ -k I z 2~ z l . , . , . 

1 J/(v,z 2 )*M2( a > 2; i) 



y M 3(a, 2;i)y(f,2; 2 ) - z 1 S 



(2.1) 



The vector space of all intertwining operators of type ^ m 2 ) * s denoted by 



Jy ( Ml M a J . The dimension of the vector space ly ( Ml m2 j is called the fusion rule 
of corresponding type and denoted by N^m 2 - Fusion rules have the following symmetry 
(see [[FHL] and JHTJ). 

Proposition 2.2. Let M l (i = 1, 2, 3) fee V -modules. Then there exist natural isomor- 
phisms 



M 3 \ 

M 1 M 2 



\ i A.f2 M mi ) and I v ( Ml M m2 ) = I v \ , r 



M 2 M 1 

The following lemma is often used in later sections. 



(M 2 y 

M 1 (M 3 )' I' 



Lemma 2.3. (|DL ) Let V be a vertex operator algebra, and let M 1 and M 2 be irre- 
ducible V -modules and M 3 a V -module. If y is a nonzero intertwining operator of type 
m-i M M 2 ) ; then y(u, z)v ^ for any nonzero vectors u G M 1 and v G M 2 . 



As a direct consequence of Lemma 1273], we have 



Corollary 2.4. Let V, M % (i = 1, 2, 3) be as in Lemma pO| , and let U be a vertex operator 
subalgebra ofV with same Virasoro element, N % a U -submodule of M l fori = 1,2. Then 
the restriction map 

Iv ( M 2 ) ~* Iu { N* M N 2 )' J h ~" y\Ni®Ni, 
is injective. In particular, we have 

^iv( M r M2 )<dimi^ N r N ,). 

Let V, M l (i = 1, 2, 3), U and JV* (i = 1, 2) be as in Corollary |7J. Suppose that M 3 is 
decomposed into a direct sum of irreducible ?7-modules as M 3 = ©jL\ Then there is an 
isomorphism 

Iv(A)^®Jv( L 



Therefore by Corollary |2.4| , we have an in equality 

dim/ H M r M2 ) < J^dimU N ^ N2 ). (2.2) 



Another consequence of Lemma p73 



is 



Lemma 2.5. Let V be a simple vertex operator algebra, and let M 1 and M 2 be irre- 
ducible V -modules. If the fusion rule of type [ v Ml ) is nonzero, then M 1 and M 2 are 
isomorphic to each other as V -modules. 

Proof. Let y be an intertwining operator of type ( v M \ f i V Consider the operator 



v M 

y(l,z). By the L(— l)-derivative property (J2.2|J, we see that y(l,z) is independent on 
z. Denote / = y(l,z) G Horn (M 1 ,M 2 ). Since V is simple and M 1 is irreducible, 
Proposition |2.3| implies that / is nonzero. By Jacobi identity ( |2.1|) , we have a commutation 
relation 



[a n ,y(l,z)} = ( * )y(ad,z)z n - 1 = 

i— n V / 



i=0 

2 



for a EV and nGZ. Hence / is a nonzero ^-module homomorphism from M 1 to M 
bmce M 1 and M 2 are irreducible, / is in fact isomorphism. Therefore M 1 is isomorphic 
to M 2 . □ 
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2.2 Vertex operator algebra V£ and its irreducible modules 

We discuss the constructions of vertex operator algebras M(l), V L and their irreducible 
(twisted) modules following ||FLM| , |Dh| , pi|| and [ D2 . We also refer to the vertex operator 



algebras M(l) + , V£ and irreducible modules for them classified in [DNT , pN2| . 

Let L be an even lattice of rank 1 with a nondegenerate positive definite Z-bilinear 
form (■,•), and f) = C ®% L. Then f} has the nondegenerate symmetric C-bilinear form 
given by extending the form (• , • ) of L. Let C[h] be the group algebra of f) with a basis 
{ e A | A G () }. For a subset M of I), set C[M] = © AeM Ce A . 

Let f) = t) ® C[t,t _1 ] © CK be a Lie algebra with the commutation relation given by 
[X © t m , X' © t n ] = m S m+nfi (X, X') K, [K, fj] = for X, X' G f) and m, n G Z. Then 
f) + = f) ®C[t] ©CX is a subalgebra of f), and the group algebra C[fj] becomes a fj + -module 
by the action p(X © t n )e A = <5n,o(X, A)e A and p(X)e A = e A for A G t), X G t) and n G N. 
It is clear that for a subset M of f) the subspace C[M] is a f) + -submodule of C[fj]. Set 
the induced module of 1) by C[M]: 

V M = [/({)) C[M] = 5(f) © r^fr 1 ]) © C[M] (linearly), 

where [/(• ) means a universal enveloping algebra. Denote the action of X © t n (X G 
f), n G Z) on Vj, by X(n) and set X(z) = J2nez X ( n ) z ^ 1 for ^ 6 !)• For A G f), the 
vertex operator associated with e A is defined by 

T (e A , *) = exp (f) exp f- £) e A ^°), (2 . 3 ) 

where e A in the right-hand side means the left multiplication of e A G C[h] on the group 
algebra C[h], and z x ^ is an operator on Vjj defined by z^tt = z^'^'u for /i G f) and w G 
M(l,/x). For f = Xi(— rii) ■ ■ ■ X m (—n m ) e A G Vj, (Xj G f) and G Z + ), the corresponding 
vertex operator is defined by 

y°{v,z) = :d^-^X x (z)---d^-^X m (z)y°(e x ,z):, (2.4) 

where = (^)(d/dz) n , and the normal ordering ° • ° is an operation which reorders so 
that X(n) (X £ f),n < 0) and e A to be placed to the left of X(n) (X G f),n > 0) and 
We extend y° to Vj> by linearity. We denote F(a, z) = y°(a, z) when a is in V L . 
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Set L = Za and (a, a) = 2k for k G Z + , and L° = { A G f) | (A, a) G Z}, the dual 
lattice of L. Let ft, = a/y2k be the orthonormal basis of f) and set 1 = 1 © eo and 
uj = (1/2) ft(— l) 2 eo- Then (V^Y, 1, u;) is a simple vertex operator algebra with central 
charge 1 and for A + L G L°/L, (Vx+l, Y) is an irreducible module for V L . Furthermore 
V\+l for A + L G give all inequivalent irreducible V^-modules. Set M(l) = 5(f) <8> 

i _1 C[i -1 ]) © e C Vj,, then (M(l), Y, is a simple vertex operator algebra. If we set 
M(1,A) = Z7(fj) <8> t /(5+) Ce A for each A G f), then (M(1,A),^°) becomes an irreducible 
M(l)-module (see fYL], (DLj). 

Let 6 1 be a linear isomorphism of Vj, defined by 

^(X 1 (-n 1 )X 2 (-n 2 ) • • • Xii-m) © e A ) = (-l) £ X 1 (-n 1 )X 2 (-n 2 ) • • • X t (-n t ) © e_ A , 

for Xj G f),n G Z + and A G P). Then induces automorphisms of V L and M(l). For a 
^-invariant subspace PY of Vj,, we denote the ±l-eigenspaces of W for 6* by W ± . Then 
(V^, Y, 1, uj) and (M(l) + , Y, 1, uj) are vertex operator algebras. Furthermore M(l) and 
M(1,A) for A / are irreducible M(l) + -modules, and 9 induces an M(l) + -module iso- 
morphism between M(l, A)and M(l, —A) (see |DNl|] ). As to V^-modules, V L , V^ 2+L and 



V ra /2k+L for 1 < r < /c — 1 are irreducible modules (see |DN2| ) and 9 induces a V^-module 
isomorphism between V\+l an d V^\+l for A G L°. 



Now we review the construction of twisted V^-modules following ||FLM] , P2|| . Let 



5[ — 1] = f) © t 1/2 C[t, t _1 ] © CX be a Lie algebra with commutation relation [X <g> t m , X' © 
T] = m § m+nfi (X, X') K, [K,i)[-1]) = for 1,1' e f) and m, n G 1/2 + Z. Then 
C becomes a one-dimensional module for fj[— 1] + = ® t x / 2 C[t] © CX by defining the 
actions by p(X © t n )l = and p(K) 1 = 1 for X G f) and n G 1/2 + N. Set M(1)(0) the 
induced fj[— l]-module : 

M{1){9) = U {%[-!]) ® u(k _ 1]+) C S 5 (f, © Heft" 1 ]) (linearly). 

Denote the action of X © i n (X G fj, n G 1/2 + Z) on M(1)(0) by X(n), and set X(z) = 
^ n6l y 2+z X(n) 2;~ n_1 . For A G L° a twisted vertex operator associated with e A G Vf, is 
defined by 

\nel/2+N / V nel/2+N / 



For v = Xi(—ni) ■ ■ ■ X m (— n m )e\ G Vl° (Xi G f) and n, G Z+), set 

W^(r,, z) = ° d^ 1 " 1 ^) ■ ■ • d^-^X m (z)y e (v x , z) ° , (2.6) 

and extend it to Vl° by linearity, where the normal ordering ° • ° is an operation which 
reorders so that X(n) (X G f), n < 0) to be placed to the left of X(n) (X G f), n > 0). Let 
Cmn G Q be coefficients defined by the formal power series expansion 



^ Cm „^-io 8 f ii±fli±(l±^ 



m,n>0 

and set A z = J2mn>o c mnh(m)h(n)z~ m ~ n . Then the twisted vertex operator associated 
to u G Vl° is defined by 

y e (u,z) = W e (exp(A z )u,z). (2.7) 

If we write Y e (a, z) = y e (a,z) for a G M(l), the pair (M(1)(0), F e ) is the unique 
irreducible 0-twisted M(l)-module. 

Let Ti and T 2 be irreducible C[L]-modules which e a acts as 1 and —1 respectively, 
and set Vj} = M(1)(0) ® c T< for z = 1,2. For u G M(l,(3) (/3 G L), the corresponding 
twisted vertex operator is defined by Y e {u,z) = y (u,z) <g> e@. We extend Y° to V L by 
linearity. Then {V^,Y e ) (i = 1,2) are irreducible 0-twisted V^-modules. Note that V L i 
has a 0-twisted M(l)-module structure. Let be a basis of T, for i = 1,2. Then we have 
a canonical 0-twisted M(l)-module isomorphism 

(pi : M(l)(9) — > V^* : u u ® ti. (2.8) 

The action of the automorphism on M(1)(0) is defined by 

0(X 1 (-n 1 ) ■ ■■X m {-n m )l) = (-l) m X 1 (-n 1 ) ■ ■■X m {-n m )l, 

for Xi G \),n { G 1/2+N. Set M(1)(0) ± the ±l-eigenspaces of M(1)(0) for and the 
± 1-eigenspaces of for (8) 1. Then M(1)(0)± and V^' (z = 1, 2) become irreducible 
M(l) + -modules and irreducible V^-modules respectively (see [ DN1|| and [ DN2 | resp.). 



All irreducible M(l) + -modules and all irreducible V^-modules are classified in [|DN1|| and 
DJ\2|| respectively. 
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Theorem 2.6. (1) flDNIJ ) The set 



{M(l) ± , M(l)(^) ± , M(l, A)(= M(l, -A)) | A e f) - {0} } (2.9) 

gwes a// inequivalent irreducible M(l) + -modules. 
(2) ([OH) T/ie set 

Kj 2+ i> ^ra/afc+L | i = 1, 2, 1 < r < fc - 1 } (2.10) 

gwes a// inequivalent irreducible -modules. 

We call irreducible modules V^, V^ 2+L and K. a /2fc+z untwisted type modules, and call 
V^ u± (i = 1, 2) twisted type modules. Here and further we write A r = rajlk for r e Z. 

2.3 Fusion rules for M(l) + and contragredient modules for V^" 

First we list up the fusion rules for M(l) + determined in 0. The fusion rules play central 
roles in determining fusion rules for V£ • 

Theorem 2.7. (@) £e£ M ; iV and L be irreducible M{1) + -modules. 

(i) If M = M(l)+, toen iV^ (1)+Ar = <^, L . 

(ii) If M = M(i)~ , #ien Nm(i)-n * s ® or 1> anc ^ ^m(i)~n = ^ tf an ^ on ^V if the pair 
(N, L) is one of the following pairs: 

(M(1) ± ,M(1)^), (M(1)(^) ± ,M(1)(^)^), 

(M(l, A),M(l,/i)) for X, fiefy — {0} stzc/i tfiat (A, A) = 

(iii) If M = M(l, A) /or A G f) — {0} ; t/ien A^m(i,a)jv ^ s or an N m(i,X)n = 1 l f and 
only if the pair (N, L) is one of the following pairs: 

(M(l) ± , M(l, //)) {M{1, n), M(l) ± ) for li E fj - {0} snc/i ^ai (A, A) = (/x, /i), 
(M(l,//),M(l,i/)) for et)- {0} suc/i toai (i/, i/) = (\±li,X±li), 
(M(1)(0)±, M(1)(0)±), (M(1)(0)±, M(1)(0)=F). 

(iv) If M = M{1){6) + , then N^mw+n ^ s ® or ^> an( ^ ^M(i)(e)+N = ^ an( ^ on ^ ^ e 
pair (N, L) is one of the following pairs: 

(M(1) ± ,M(1)W ± ), (M(1)(0) ± ,M(1) ± ), 

(M(l, A), M(l)(^) ± ), (M(l)(^) ± , M(l, A)) for A e f) - {0}. 
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(v) If M = M {!){&) , then ^V"M(i)(fl)-JV ^ ® or ^> an( ^ ^m(i)(6)-n = 1 an ^ on ^ ^ e 
pewr (N, L) is one of the following pairs: 

(M(1) ± ,M(1)(0)T) ) (M(1)(0)±M(1)T), 

{M{1, A), MCl)^)^, (MC^^i, M(l, A)) for A G f) — {0}. 

Next we discuss the contragredient modules of irreducible V^-modules. We shall prove 
the following proposition. 

Proposition 2.8. (i) If k is even, then all irreducible V£ -modules are self-dual, that is , 
W = W as V£ -modules. 
(ii) If k is odd, then 

(v± /2+L )' = v: /2+L , (y?*y = v?* (v^y - v?* 

and others are self-dual. 

To prove the proposition, we use Zhu's theory (see @). Let V be a vertex operator 
algebra. The Zhu's algebra A(V) associated with V is a quotient space of V by the 
subspace 0(V) which is spanned by vectors of the form 

(1 + z) wt(a ) 
a o b = Res 2 - F(a, z)b 

z A 

for homogeneous element a G V and b G V. The product of A(V) is induced from the 
bilinear map * : V x V — > V which is defined by 

(1 + ;z) wt(a ) 
a*b = Res 2 F(a, 2)6 

for homogeneous element a G V and 6 e F. Let M be an irreducible V^-module. Then 
there is a constant h G C such that M has a direct sum decomposition M = © n6 NM n , 
M n = { v G M I L(0)u = (/i + n)t> } for ri G N. Then the action o(a)u = a wt (a)-iu for a E V 
and m 6 M induces an A(V)-module structure on M which is called the top level of M, 
and Mo is irreducible as v4(V)-module. Furthermore if two irreducible K-modules M and 
N have top levels M and N which are isomorphic to each other as A(V)-modvles, then 
M and N are isomorphic as ^-module. 
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Suppose that k ^ 1. Then in |piN2| , it is proved that the Zhu's algebra A(V^) is 
generated by three elements [u], [J] and [E], where [a] means the image a + 0(V^) in 
A(V+) of a e V+, and J = h(-l) 4 l - 2h(-3)h(-l)l + (3/2)/i(-2) 2 l and E = e a + e_ a . 
Hence for an irreducible V^-module M, to find the irreducible module which is isomorphic 
to M', it is enough to see the actions of [u], [J] and [E] on the top level of M'. Since 
the top level of an irreducible V^-module is one dimensional, they act on the top level 
as scalar multiple. By the construction of irreducible V^-modules, we have the following 
table. 





v L + 


Vl 


V Xr+L (1 < r < k - 1) 


V a/2+L 


K*/2+L 


UJ 

J 

E 







1 

-6 



r 2 /Ak 
(r 2 /2k) 2 - r 2 /Ak 



k/A 

k A /A - k 2 /A 
1 


k/A 
k A /A - k 2 /A 
-1 











vl 2 '- 


UJ 


1/16 


9/16 


1/16 


9/16 


J 


3/128 


-45/128 


3/128 


-45/128 


E 


2~2fc+l 


-2- 2k+1 (Ak- 1) 


_2-2fc+l 


2~ 2k+1 (Ak- 1) 



Table 1. Actions of a;, J and E on the top level 



Now we prove Proposition 

Proof of Proposition \2.Q . Firs we consider the case k ^ 1. Let W be an irreducible 
V^-module. Set the top level Wo = Cv, and the top level of the contragredient module 
Wq = Cv'. By the definition of a contragredient module, if a e satisfies that L(0)a = 
wt (a)a and L{l)a = 0, we have (o(a)v',v) = (— l) wt ^(t>', o(a)v ), and hence 

(o(uj)v',v) = (v',o(uj)v),(o(J)v',v) = (v',o(J)v),(o(E)v',v) = (-l) k (v',o(E)v). (2.11) 



Therefore by Table 1, we have Proposition [2.8| for k ^ 1. 

If k — 1, then the dimension of the top level {V l ~)q is two and others are one. Hence 
we see that (V^)' = V£ because the dimension of {V^)'q is two. Since for irreducible 
V^-modules except V£ Table 1 is valid, we may apply same arguments of the case k ^ 1 
to such irreducible modules. Therefore Table 1 and (|2.11|) shows that 



(v?)' = v L + , (v±y = vt (v^y - v?* (v, 



V 



This proves Proposition 2.8 for k = 1. □ 
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3 Fusion rules for 



In Section O , we give irreducible decompositions of irreducible V^-modules as M(l) + - 



modules, and prove that every fusion rules for V£ are zero or one with the help of fusion 
rules for M(l) + . The main theorem is stated in Section |3.2|. The rest of sections is devoted 



to the proof of the theorem and it is divided into two cases; one is the case that all modules 
are untwisted types (Section j3T3|) and the other is the case that some irreducible module 
is twisted type (Section |3T4] ). 



3.1 Irreducible decompositions of irreducible V^-modules 
as M(l) + -modules 

Since V x+L = meZ M(l, A + ma) for A G L° and M(l,/i) is irreducible for M(l)+ if 
\i 7^ 0, V\ r+ L (1 < r < k — 1) has an irreducible decompositions for M(l) + : 

7 u ^0M(U + ma), (3.1) 

For a nonzero A G f), we consider the subspace (M(l) + ® (e A ± e_ A )) © (M(l) - ® 
(e A e _ A )) on M(l, A) © M(l, -A). Since the action of M(l)+ of M(l, A) © M(l, -A) 
commutes the action of 6 1 , the subspaces (M(l) + © (e A ± e_ A )) © (M(l)~ © (e A =F e_ A )) 
are M(l) + -submodules. In fact we have the following proposition. 

Lemma 3.1. For a nonzero A G f), M(l) + -submodules (M(l) + © (e A ±e_ A )) © (M(l)~ © 
(exTe-x)) of M(l, A) © M(l, -A) are isomorphic to M(1,A). 

Proof. Define a linear map A by 

A : (M(l) + ©(e A + e_ A ))©(M(l)-©(e A -e_ A )) -> M(l, A) (3.2) 
u © (e A + e_ A ) + u © (e A - e_ A ) h-> (m + v ) © e A , 

for u G M(l) + and t> G M(l)~. Then the linear map <px is an injective M(l) + -module 
homomorphism. Since M(l, A) is irreducible for M(l) + , the homomorphism is in fact an 
isomorphism. Hence M(l) + © (e A + e_ A ) © M(l)~ © (e A — e_ A ) is isomorphic to M(l, A) 
as M(l)+-module. We can also prove that M(l)+ © (e A - e_ A ) © M(l)~ © (e A + e_ A ) is 
isomorphic to M(l, A) as M(l) + -module in the same way. □ 

We give irreducible decompositions of irreducible V^-modules for M(l) + ; 
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Proposition 3.2. Each irreducible V£ -modules decompose into direct sums of irreducible 
M (1) + -modules as follows; 

oo 

V£ M(l) ± ©0M(l,ma), (3.3) 

m=l 

V Xr+L S 0M(l,A r + ma)/orl<r<fc-l, (3.4) 



oo 



V t+L = 0M(l,| + ma), (3.5) 



m=0 



yT it ± ^ M(l)(^) ± /or i = 1,2. (3.6) 

Proof. Irreducible decompositions of V\ r+ L (1 < r < k — 1) and V^ ,=t: (i = 1,2) have 
already given by (|3.1| ) and (|2.8|) respectively. We see that and V^ 2+L have direct sum 
decompositions 

oo 

V l = 0(( M W + ® ( e ma ± e-ma)) © (M(l)~ ® (e ma T e-ma))), 

oo 

Vt +L = 0((M(1) + ® (e f+WQ ±e_ f _ ma ))©(M(l)-® (e f+mft Te_ f _ m ))). 



2 

m=0 



Hence Lemma |3J] shows that these direct sum decompositions give irreducible decompo- 
sitions of and V^ 2+L . □ 



By Proposition |3.2| , one see that for any irreducible V^-module W, the multiplicity of 
an irreducible M(l) + -module in W is at most one. 

Using these irreducible decompositions (|3.3|)-(|3TB|), Theorem fZ7j\ and Corollary EO, we 



can show that all fusion rules for V£ are at most one: 

Proposition 3.3. Let W l ,W 2 and W 3 be irreducible V£ -module. 

(1) The fusion rule N^l w2 is zero or one. 

(2) If all W l (i = 1, 2, 3) are twisted type modules, then the fusion rule N^l w2 is zero. 

(3) If one ofW 1 (i = 1,2,3) is twisted type module and others are of untwisted types, then 
the fusion rule N^l w2 is zero. 

Proof. Suppose that W 1 and W 2 have irreducible M(l) + -submodules M and N re- 
spectively and that W 3 has an irreducible decomposition W 3 = @iM l as M(l) + -module. 
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By ( ]2.2|) , we have an inequality 

dim l Vi ( W^W* ) < E W ( )■ ( 3 - 7 ) 



If W 1 , W 2 and are of twisted type or if W 1 is of twisted type and W 2 and W 3 are 
of untwisted type, then by Theorem ^77\ (iv), (v) and (p.3[)-(PTB[) , we see that the fusion 
rule for M(l) + of type ( m P N J is zero f° r an y Hence flOf) implies that the fusion 
rule N™1 W 2 is zero. Since the contragredient module of an (un)twisted type module is of 
(un)twisted type, (2) and (3) follows from Proposition |2~2| . 

By (2), (3) and Proposition |2.2j, to show (1), it suffices to prove that if W 1 is untwisted 
type module and both W 2 and W 3 are of twisted types or of untwisted types, then the 
fusion rule N^i W 2 is zero or one. 

If W l is untwisted type module and W 2 and W 3 are of twisted types, then by Theorem 



(i)-(iii) and irreducible decompositions (|3.3j )- (|3.6| ), we see that the fusion rule for 
M(l) + of type ( M W3 W 2 j is zero or one for any irreducible M(l) + -submodules M of W 1 . 
Hence Corollary [2.4| shows that the fusion rule N^l w2 is zero or one. 

Now we turn to the case all W l (i = 1, 2, 3) are of untwisted types. We consider the 
following three cases separately; (i) W 1 = V^, (ii) W 1 = V^ 2+L and (iii) W 1 = V\ r+ i 
for 1 < r < k — 1. Let W 3 = (BiM 1 be the irreducible decomposition of W 3 for M(l) + . 
Then it suffices to prove that the right-hand side of ( |3.7|) is at most one for some M (1) + - 
submodules M of W 1 and N of W 2 . 

(i) W 1 = V£ cases: Take M = M(l) ± . By (U)-(U), we can take N to be isomorphic 
to M(l, A) for some A £ L°. Then by Theorem |2.7| (i) and (ii), the fusion rule for M(l) + of 
type ( N J is one if and only if M l is isomorphic to M(l, A). Since the multiplicity of 
M(l, A) in the irreducible decomposition of W 3 is at most one, we see that the right-hand 
side of (|3.7p is zero or one. 

(ii) W 1 = V± /2+L case: Take M = M(l, a/2). If is isomorphic to M(l, A) for some 
A £ L°, then by Theorem p.7| (iii), we see that the fusion rule for M(l) + of type ' 



M N 
2 _ T/± 



is one if and only if M i is isomorphic to M(l, A + a/2) or M(l, A -a/2). If W 2 = V* /2+L , 
then by taking A = a/2, we see that the right-hand side of ( |3.7| ) is zero unless W 3 is 
or V£ . So these cases and the cases W 2 = reduce to the case (i) by means of 
Proposition pT2| . Therefore to prove (1) in the case W 1 = V^ 2+L , it is enough to consider 
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the case W 2 = V\ r +L for some 1 < r < k — 1. Then by taking A = A r , we see that the 
right-hand side of ( |3.7|) is zero unless W 3 is V\ k _ r +L- By Corollary ^]4| and Proposition 



I, the fusion rules of types [ . ,± Vxk -*-+ L ] j s equal those of types ( ( v a/2+i) \ 
1 V v «/2+l Vx -+ L J y Vxr+L v Xh _ r+L ) 

respectively. Hence we have to show that the right-hand side of (|3.7| ) is at most one 
when W 1 = V Xr+L} W 2 = V Xk _ r+L and W 3 = (V± 2+L )'. We take M = M(l,A r ) and 
N = M(l, A fc _ r ). Since by Theorem ^ the fusion rule for M(l)+ of type f M(1 ' j ,f + ma) \ 
is 5 m fi for m G N, ( ^.5[ ) shows that the the right-hand side of ( |3.7| ) is at most one. 

(iii) ly 1 = V\ r+ L case for 1 < r < A; — 1: By Proposition [2.2| and results of (i) and (ii), 
to prove (1) in the case, it is sufficient to consider the case W 2 = V Xs+ l f° r 1 < s < A; — 1. 
Then we can take M = M(l, A r ) and N = M(l, A s ). Hence by Theorem ^TJ\ (iii), we see 
that the fusion rule for M(l) + of type ( N f P N J is one if and only if M l is isomorphic to 
M(l,A r + A s ) or M(l,A r - A s ). By |HJ)-|n]), one see that for //, v G L° M(l,fi) and 
M(l, v) have multiplicity one in W 3 , then /i + z/ £ L or \i — v G But (A r + A s ) + (A r — A s ) 
and (A r + A s ) — (A r — A s ) are not in L. Hence by ( |3.3|) -( j3~5l) , we see that the right-hand 
side of (13.71) is zero or one. □ 



3.2 Main Theorem 



Here we give the main theorem. The proof is given in Section 3.3 and 3.4 



Theorem 3.4. LetW x ,W 2 andW 3 be irreducible V£~ -modules. Then (1) the fusion rule 
N^i W 2 is zero or one and (2) the fusion rule N^l w2 is one if and only ifW 1 (i = 1, 2, 3) 
satisfy following cases: 

(i) W 1 = V£ andW 2 ^ W 3 . 

(ii) W 1 = V£ and the pair (W 2 , W 3 ) is one of the pairs 

(V?,V?), (V± 2+L ,V* 2+L ), (V?*V?*), (V?*V?*), 
(V Xr+L ,V Xr+L ) far l<r< k- 1. 

(iii) W l = V^ 2+L and the pair (W 2 , W 3 ) is one of the pairs 

(v£,v± /2+L ), ((v± 2+L y,vt), ((y^y.yM, ((yF*y,v?*), 

{V Xr+L , V a/2 ^ Xr+L ) for 1 < r < k - 1. 
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(iv) W 1 = V a / 2+L and the pair (W 2 , W 3 ) is one of the pairs 

(v?,v* 2+L ), ((v± 2+L y,v?y ((v?*y,v?*), {{v^y^y 

(V Xr+L , V a/2 _ Xr+L ) for 1 < r < k - 1. 

(v) W 1 = V\ r+ L for 1 < r < k — 1 and the pair (W 2 , W 3 ) is one of the pairs 

(yti V K+L), {Vti V K+L), ( V a/2+L> V<x/2-\ r +L), (V a / 2 -\ r +L, V a/2+L) ' 

(V Xs+L ,V Xr±Xs+L ) forl<s< k-1, 

{V?*V?*), (V?*V?*), (V?*V?*), {V^ ,V^) if r is even, 
<Y?*V?*), (Vf'^lf^), (Vf^lf 1 '*), {V^^) if r is odd. 

(vi) W^ 1 = (if and the pair (W 2 , W 3 ) is one of the pairs 

(vtAv^yy (vf^vf), {v± w v?*), {{v^y,{v± 2 + L yy 

(V Xr+L , (Vl u± )') and (if 1 ' ± , V Xr+L ) fori <r < k-1 and r is even, 
(V Xr+L , (if 2 '*)') and (if ^ V Xr+L ) fori <r< k-1 and r is odd. 

(vii) W 1 = (Vj/' - )' and the pair (W 2 , W 3 ) is one of the pairs 

(v?,(v?*n (v^^y (v± 2+L ,v^y {{v^y,{v* 2+L yy 

(V Xr+L , {Vl u± )') and (Vl U± , V Xr+L ) for 1 < r < k - 1 and r is even, 
(V Xr+L , (if 2,± )') and (if 2,± , V Xr+L ) forl<r<k-l and r is odd. 

(viii) W 1 = (if 2 ' + )' and the pair (W 2 , W 3 ) is one of the pairs 

(vfdv^yy (v^,vty (v± 2+L ,v?*y {{v^y,{v^ 2+L yy 

(V Xr+L , (if 2,± )') and Of 2 '±, V Xr+L ) fori <r< k-1 and r is even, 
(V Xr+L , (if 1,± )') and (if ^ V Xr+L ) for 1 < r < k - 1 and r is odd. 

(ix) W 1 = (lf 2 '~)' and the pair (W 2 , W 3 ) is one of the pairs 

(v£,(v?*)% (v?*v?), (v^v^y ((v^y^v^j), 

(V Xr+L , (if 2,± )') and (if 2 ' ± , V Xr+L ) fori <r< k-1 and r is even, 
(V Xr+L , (Vf 1,± )') and (if 1 ' ± , V Xr+L ) fori <r < k-1 and r is odd. 
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Since (1) of the main theorem has already proved in Proposition pO, to prove the 



theorem, it is enough to show that for irreducible V^-modules W 1 , W 2 and W 3 , the fusion 
rule N™[ W 2 is nonzero if and only if the triple (W 1 , W 2 , W 3 ) satisfy indicated cases in 
the theorem. In Section jO| , we prove this in the case all W l {i = 1,2,3) are untwisted 
type modules, and in Section [T4] we do in the case one of W l (i = 1, 2, 3) is twisted type 
modules. To show "if part, we shall construct nonzero intertwining operators explicitly. 

3.3 Fusion rules for untwisted type modules 

We construct nonzero intertwining operators for untwisted type modules. For this pur- 
pose, we review intertwining operators for Vl following [pL . 



Let A,/i G L°. An intertwining operator of type ( y ^ j j s constructed as 



follows: As shown in Chapter 8 of ||FLM|| , the operator y° satisfies Jacobi identity and 



L(-l)-derivative property on V L ° for (3 G L, A G L°, a G M(l, (3) and u G M(l, A): 
z Q l 5 (A^) Y(a, Zl )y°(u,z 2 ) - (-l^'V 1 ,* ( £H Z ^ i ) y (u,z 2 )Y(a, Zl : 
= Z -H y°(Y(a,z )u,z 2 ), 



^-y°(u,z) = y°(L(-l)u,z). 

az 

Let tt\ (A G L°) be the linear endomorphism of Vl° defined by for /i G L° 

and v G M(l,/i). Set y r>s (u,z) = y°(u, z)ir\ r \y Xs+L for r, s G Z and u G V\ r +L- Then the 
operator y r>s gives a nonzero intertwining operator for V L of type ( y v ^+*s+l \ ( see 



Proposition 3.5. Fusion rules of the following types are nonzero; 

(i) ( /(v±a )+l \ for 1< r, s < k - 1, 

y ' \ V\ r+L v Xs+L J J — — 

(ii) I J\r± ) , ( J\r± ) and ( T/ /^ .) for < r < k - 1, 



VZ Vl J ' V V- V* J V n V Xr+L 



(iii) f J?/%? ) , ( ) and ( v l {a/2 - x t" )forO<r<k-h 

V V L V a/2+L J \ V L V a /2+L J \ V cc/2+L V X r +L 
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Proof. Since (V L , Y), (V a / 2+L , Y) and (V\ r+ L,Y) (1 < r < k — 1) are irreducible 
V^-modules, the vertex operator Y gives nonzero intertwining operators for V L of types 



v 



v W and ( 

for 1 < r < k — 1. Hence Y(a, z)u is nonzero for any nonzero a E V L and nonzero 
u G V\ s+ l (s G Z) by Corollary [T3[ Therefore since 9Y (a, z)9 = Y(8(a), z) for a G V L , Y 
gives nonzero intertwining operators for V£ of types 



K. ± ),( , _«U U ),( J°<%- ) and I >v 



-L 



for 1 < r < k — 1. 

Next we show that fusion rules of types f /(^ ±A »)+ L ) for r, s G Z are nonzero. 
Define y r ,- s o 9 by (y r - s ° 0)(u, z)v = y r _ s (u, z)9(v) for u G Vx r+i and v G V\ s +l- Then 
3^ iS is a nonzero intertwining operator for V£ of type ( ^ Xr ~ x >>> +L J since commutes 
the action of V 7 ^- This proves that fusion rules of types ( v v (^± x ^+ L J are nonzero for 
any r, s G Z. 

Finally we show that fusion rule of type ( ^( a / 2 - x ^+ L ] fo r r G Z are nonzero. Since 
* s an irreducible V^-module for any r G Z, Corollary ^3] shows that 34,r( u > z ) v is 
nonzero for any nonzero u G V^,/ 2+i and nonzero v G Va,. + l. Hence (34, -r ° 9)(u,z)v is 
also nonzero for any nonzero u G V a , 2+L and nonzero t> G V\ r +£. Therefore 34, -r ° gives 
nonzero intertwining operators of types ( .("/s-M+i | _ □ 



Next we show that for untwisted type modules W l (i = 1,2,3), if the fusion rule 
<wt W 2 is nonzero, then the type ( W ^ 3 W 2 



N^ 1W 2 is nonzero, then the type ( ^ 2 ) is given from types in Proposition by 



using Proposition [2.3| . For this it suffices to prove the following proposition. 

Proposition 3.6. Let W l ,W 2 and W 3 be untwisted type modules. Then the fusion rule 
N^i W 2 is zero ifW 1 (i = 1,2,3) satisfy following cases: 

(i) W 1 = V£ , and W 2 ,W 3 are inequivalent. 

(ii) W 1 = V£~ and the pair (W l , W 2 ) is one of following pairs 

(W 2 ,W 3 ) = (v L -,v L ~), (V± 2+L ,V± 2+L ), 

(V\ r +L, V\ s+L ) for 1 <r,s < k - 1 and \ r ^ X s , 



(V£, V Xr+L ), (V± V Xr+L ) forl<r<k-l. 



*/2+L 



20 



(iii) W 3 = V^ 2+L and the pair (W 1 , W 2 ) is one of following pairs 

(W\W 2 ) = (V\ r+L , V\ s+L ) fori <r,s < k — l and X r + X s ^ a/2, 

andl<r<k-l. 

(iv) W 1 = V\ r+ i for 1 < r < k — 1 and the pair (W 1 , W 2 ) is one of following pairs 

(W 1 , W 2 ) = (V Xs+L , V Xt+L ) for 1 < s,t < k - 1 and X t ^ X r ± \ s and X s - X r . 



Proof. Lemma [2.5| proves the proposition in the case (i). 

Next we consider the cases (ii) except the pair (V^ 2+L ,V^ 2+L ), (iii) and (iv). Let 
W 3 = @iM l be the irreducible decomposition of W 3 for M(l) + . Then we can find 
irreducible M(l) + -submodules M of W 1 and iV of W 3 such that the fusion rule for 
M(l) + of type ( N f P N J is zero. Hence ( |3.7| ) implies that the fusion rule N^l w2 is zero; 
for example, in the case W 1 = W 2 = W 3 = V£~, we take M = N = M(l)~, etc.. 

It remains to prove the proposition in the cases (VT 1 ,^ 2 ) = (V^ 2+L , V^ 2+L ) of 
(ii). We prove that the fusion rule of type ( Y a/ *± L ) is zero. The case of type 



V L K/2+L 



V a/2+L 
Vl V-/2+L 



can be also proved in the similar way. 



Set 

V a/2 +L H = M (!) + ® ( e f +ma + e_ (f +ma) ) © M(l)~ ® (e f +mQ - e_ (f+ma) ), (3.8) 

for m G N. Note that V^ 2+L [m] is isomorphic to M(l,a/2 + ma) as M(l) + -module by 
Proposition |3.1| . Let y be an intertwining operator of type ( Y a, f % L ) . By Theorem 
^3 (ii), we have y(u,z)v G V+ 2+L [0]{{z)) for u G M(l)~ and « G V+/2+1M Let &*/2 : 
V^ 2+i [0] — > M(l, a/2) be the M(l) + -module isomorphism defined in (|3.2j ). For simplicity, 
we denote = </> a /2- Then the operator <fi o y o defined by (0 o y o 0~ 1 )(m, = 
(py{u,z)(j)~ l {v) for k G M(l)~ and t> G M(l,a/2) gives an intertwining operator of 

^P e ( M(i)- (1 M(?a/2) )• Since the dimension of I M(1)+ ( M(1) - (1 $J) a/2) ) is one and the 
corresponding intertwining operator is given by a scalar multiple of the vertex operator 
Y of the M(l)-module (M(l, a/2), Y), there exists a constant d G C such that 
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for every u G M(l) and v G V^ 2+L [0]. We write y(u,z) = J2 n & u ( n ) z n 1 w G 
End V^j 2+L for it G Vj~ . Take u = 1)1 and v = e a /2 + e_ a /2, then we have 

at 

h(0)(e« +e_ f ) = d(h,-)(e« +e_ f ), (3.9) 
M-l)(e f +e_ f ) = d(/i(-l)e f -/i(-l)e_ f ), (3.10) 

where we denote l)l)(n) by /i(n) for n£Z, By direct cumulations, we see that 

£ fc -i(e« +e_|) = (e»+e_|), (3.11) 
E k (h{-l)e* - h(-l)e^) = (h,a)(e f + e_ f ), (3.12) 

where E = e a + e_ a G V^ 1 ". Let F = e a — e- a G V£ . Then by Jacobi identity, we have a 
commutation relation 

[E m ~h(n)\ = -(h,a)F(m + n) (3.13) 

for m,n G Z. Hence ( |3.9| ) and ( |3.11| ) imply that F(k — l)(e a /2 + e_ Q /2) = (take 
m — k — 1, n = in (|3.13|) ). On the other hand, by fl3.10|) and (|3.12 ) we have 



-{h,a)F{k-l){e f + e_ f ) = A(-l)](e- + e_ f ) 

= d{h,a)(e* + e_»), 

(take m = fc, n = — 1 in (|3.13|)). Therefore c? = 0. This implies that y(h(— 1)1, 2)(e a /2 + 



e-a/2) = 0, and then Lemma |273| shows ^ = 0. Thus the fusion rule of type "(J^ 1, 



is zero. □ 



Consequently, by Proposition [27^, Proposition |3l| Proposition p78| , Proposition [T5 
and Proposition |3.3|, we can determine fusion rules for untwisted type modules. 



Proposition 3.7. Let W 1 ,W 2 and W 3 be untwisted type -modules. Then the fusion 
rule N^l W 2 is zero or one. The fusion rule N^ w2 is one if and only if W % (i = 1, 2, 3) 
satisfy the following cases: 



(i) W 1 = V+ and W 2 ^W 3 . 



(ii) W l = V L and the pair (W 2 , W 3 ) is one of pairs 

<y£> V l), {V± w V* /2+L ), (V Xr+Ll V Xr+L ) for 1 < r < k - 1. 
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(iii) W 1 = V^ 2+L and the pair (W 2 , W 3 ) is one of pairs 

(V£, V± /2+L ), ((V± 2+L y, \rf), (V Xr+L , V a/2 „ Xr+L ) for 1 < r < k - 1. 

(iv) W 1 = V~i 2+L and the pair (W 2 , W 3 ) is one of pairs 

(Yl, K/2 + l)i ((V«/2 + l)'i V?), (V M , V a/2 . Xr+L ) for 1 < r < k - 1. 

(v) W 1 = V\ t+ l for 1 < r < k — 1 and the pair (W 2 , W 3 ) is one of pairs 

( V L' V l)' ( V a/2+L' V a/2-X r +L), (V a / 2 -X r +L, V a/2+l) ' 
(VA s+ L,VA r±As+L )/0rl< S < fc-1. 

3.4 Fusion rules involving twisted type modules 

Set Vl = L° x {1,2} x {1,2}. We call (X,i,j) G "Pl a quasi- admissible triple if A,i and j 
satisfies 

(_l)( A . a }+< 5 i,j+ 1 — i 

We denote the set of all quasi-admissible triples by Ql- For a quasi- admissible triple 
(X,i,j) G Ql, we first construct an intertwining operator for V£ of type ( v l 



Vx+l V? 



As shown in Chapter 9 of [[FLMf] the operator y satisfies twisted Jacobi identity and 
L{— l)-derivative property 

Zo'S (j^f) y e (a, Zl )y%u,z 2 ) - (-l)^z^5 (j^f) y e {u,z 2 )y 6 {a,z 1 ) 
= \Y, z ? 5 \(- l ) p {Zl ~i/f ) y 9 (Y(6 p (a), Zo)u, z 2 ), (3.14) 

p=0,l \ z 2 J 

and 

^-y d (u,z)=y e (L(-l)u,z) (3.15) 
dz 

for (3 G L, A G L°, a G M(l, /3) and u G M(l, A). Then we have following lemma. 

Lemma 3.8. (1) The intertwining operator y e give nonzero intertwining operators of 
types 

\ / Af(l)(0)=F \ f X F jo 

M(1,X) M(l)(6»)± j'^ M(1,A) M(l)(6»)± ) J ul A C ^ ' 
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(2) Define y e o 9 by (y e o 9)(u, z) = y e (9(u), z) for u G Vl°- Then y e o 9 gives nonzero 
intertwining operators for M(l) + of types ( M ^ ^^^^i V Moreover restrictions of 
y e and y 9 o6 to M(l, \)®M(l)(9) ± form a basis of the vector space if M{1 ™ {1) $ im ± ) 
respectively. 

Proof. (1) is proved in El, Proposition 4.4]. Clearly y e oQ gives nonzero intertwining 
operators of types ( M ^ ^^m(x)(0)± V Now we show the second assertion of (2). Since 
ey e (u, z)9(v) = y e (6(u), z)v for u G M(l, A) and v G M(1)(0)± we have 

p±({y°°o)(u,z)v) = ± P± (y e {u,z)6(v)), 

where p± is the canonical projection from M(l)(9) to M(l)(9) ± respectively. Hence by 



Lemma |2.3| and (1), we see that y and y o 9 are linearly independent in the vector 



spaces /( mif % W $ im ± )• Since the fusion rules of types ( M{lt % W $ im ± ) are two 
by Theorem |3T3| , y d and y e o 9 in fact form a basis of if M ^ ^^(^(e^ )• This P roves 
(2). □ 

Set T = T 1 ©T 2 the direct sum of the irreducible C[L]-modules T 1 and T 2 , and define 
a linear endomorphism if> G EndT by ip{t{) = ^2,^(^2) = £1, where t% is a basis of T l for 
z = 1,2. For A G L°, we write A = ra/2k + ma for — k + 1 <r<k and m G Z, and define 

G End T by 

= e ma o ^o-o^ . 

r 

Set z) = 3^(w, -2) © V'a f° r A G L° and w G M(l, A), and extend it to by linearity. 
Then we have following proposition. 

Proposition 3.9. (1) For A G L° , the linear map ip\ has following properties: 

epoip x = (-1)<A A >^ A o ep = tp x+f3 for all G L. 
(2) For a G V L and u G V\+l, we have 

3P (a),2;o)M,Z2) 



5 £ ((- ^-^f 1 ) y<rv 

P=0,1 V Z 2 J 
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and 

±y(u,z) = y(L(-i)u,z). 

Proof. Since e a o ip — —ip o e a , we have e ma o ip r = (— l) mr ifj r o e ma for m, r G Z. 
Therefore ^ (A G L°) satisfies ep o = (— 1)^' A ^ A o and e@ o ip\ = ipx+p f° r /3 G L. 
This proves (1). Then (2) follows from ( |3.14j ), ( 3.15 ) and (1). □ 



We note that for every quasi-admissible triple (A, G Ql, ?P\(T l ) = T J . Thus we 
have 

Proposition 3.10. Let (X,i,j) G Ql be an admissible triple. The restriction of y to 
V\ + l <S> V^* gives an intertwining operator for V£ of type ( v l t ] . 

Now we have some nonzero intertwining operators by restricting y to irreducible V£- 
modules. 

Proposition 3.11. Fusion rules of following types are nonzero; 



(i) „ „t„± M v L v^± forr eZ and (\ r ,i,j) G Q L; 



*W , T/ - V \ /Ti>± fori E {1,2}, 



[m) 1 v+ 2+L [v+ 2+L <y?*Y )> [v- 2+L <y?*y )> [v- 2+L <y?*y )■ 



Proof. By Lemma |3.8| and Proposition |3.10|, we see that y gives nonzero intertwining 



operator of types ( v l j t ± ] and ( v l 3 T t ± ) for r G Z and (X r ,i,j) G Ql- 
V V * r +L v L " J \ V\ r+L v L 1 ' J 

Next we shows that fusion rules of types in (ii) and (iii) are nonzero. By Lemma [3T8 
and Corollary |2.4| , y (u ± 0{u), z)v = (y 9 ± y e o 8)(u, z)v are nonzero for any nonzero 
u G M(l, A) (A G L°) and nonzero v G M(l)(^) ± . Thus by Proposition |3TT0| we see that 
y give nonzero intertwining operators of types 

( vT* \ ( \ ( vj; 



\ n V > U V )\ K,J\v^y H w'e^ j fOTie {1 ' 2} ' 

By the definition of (A G L°), we have 

Ip-ma = tpma, f («/2+™) = e- a 1p a / 2+m a for m G Z. (3.16) 
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Since Oy(u, z)6 = y 9 (6(u), z) <g> ip\ for A G L° and u G M(l, A), by <^Wj ) we have 

9y(u, z)6 = y(9(u), z) for u G V L , 
6y(u,z)6 = e a y(9(u),z) for u G V a/2+L . 

This proves that y gives nonzero intertwining operators of types indicated in (ii) and (iii) 
of the proposition; for instance, for u G V^ 2+L and v G (V^ 2 ' - )', we have 

ey(u,z)v = e a y(6(u),z)6(v) 

= y(u,z)v. 

Hence y(u,z)v G V^ 2,+ {z}. Thus y gives a nonzero intertwining operator of type 



We shall show the following proposition. The proof is given after Proposition |3.13 . 
Proposition 3.12. (1) Fori,j G {1,2}, the fusion rules of types 



V ?L+ ) and ( , ± v l 

L 



are zero if i ^ j . 

(2) For 1 < r < k — 1 and i,j G {1, 2}, the fusion rules of types 



T- 

V Xr +L V?'* 



are zero if (— l) r+5i >j +1 ^ 1. 

(3) Fori,j G {1, 2} ; the fusion rules of types 



+ t + I and , t- zn 



is zero i 



-L 1. 



To prove Proposition |3.12|, we first show the following proposition. 



Proposition 3.13. Let W be an irreducible V£ -module and suppose that W contains 
an M{1) + -submodule isomorphic to M(l, A) for some A G L° . If(\,i,j) G Vl is not a 



quasi- admissible triple, then fusion rules of types ( Vl j t . ± ) are zero. 



T 



w vl 
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Proof. Let W be an irreducible V^-module, and suppose that W contains an M(l) + - 
submodule N isomorphic to M(l, A). Let / be an M(l) + -isomorphism from M(l, A) to 
N. Consider an intertwining operator y G I v + ( w Vl ^t- e J f° r {1)2} and e G {±}. 

We shall prove that y = if (-l)<«. A )+^+ 1 ^ 1. 

The restrictions of y to N ® V£ i,e gives an intertwining operator for M(l) + of type 



^ e l.Set 



y{u, z) = cj>fy{f{u), for u G M(l, A). 
Then [V is an intertwining operator for M(l) + of type ( M(1 ^i^mIiwy r ^ Lemma 



M(1,A) M(l)(0) e 

(2), for any u G M(1,A), y{u,z) is a linear combination of y (u, z) and y (9(u),z). By 
Q3.14T ), we have 

-It- / 2 i — z o 



= ^ ^^^J ^ z )e±A, z 2 ), (3.17) 
where .E = e a + e_ Q G V^ 1 ". Hence one have 

(z l -z 2 ) M y d (E,z 1 )y d (e ±x ,z 2 ) = (-l)^ x \z l -z 2 ) M y e (e ±x ,z 2 )y e (E,z 1 ) 
for a sufficiently large integer M, and then 

Oi - z 2 ) M y 9 (E, Zl )y(e x ,z 2 ) = (-l)^(z! - z 2 ) M y(e x ,z 2 )y e (E, Zl ). (3.18) 



(|3.18|) is an identity on M(l)(9) e . We next derive an identity on V^ i,e from ([3.18 ). 
Since e± a G C[L] act on V^ 1 (z = 1,2) as the scalar (— l) 5i < 2 , we have 

e^y^z)^ 1 = (-1)^ + Vj3>(«,2)^ rl e± a 

for u G M(l, A). And Y 9 (E, z) acts on (i = 1, 2) as y e (£, z) ® e a . Hence by ( pT8|) , 
we have 

(z 1 -z 2 ) M Y e (E,z 1 )y(f(e x ),z 2 ) 
= (-l)^ +Si - +1 (z 1 -z 2 ) M y(f(e x ),z 2 )Y e (E,z 1 ) (3.19) 
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for a sufficiently large integer M. On the other hand, since y is an intertwining operator 



for V£ of type ( w V yTi , e ji Jacobi identity ( p.l[) shows that 



for a sufficiently large integer M. Therefore by Q319D and JOGD , if (— 1) <«> A >+^,i+ 1 ^ 1, 
then 



(*i - ^) M y(/(e A ),^)^(^^i)w = (3.20) 



for a nonzero u G V^' e and a sufficiently large integer M. Since there is an integer no 
such that E nQ u 7^ and E n u = for all n > uq, by multiplying and taking Res Zl 
on both side of (|3.20|) , we have z^yif^ex), z 2 )E no u = 0. Hence Lemma |0] implies that 
3> = 0. □ 

Now we prove Proposition |3.f 2| . 

Proof of Proposition By the irreducible decompositions (|3.3| )- (|3~5| ), we see that 



V\ r+ L contains M(l, A r ) for 1 < r < k — 1, that V^ 2+L contain an M(f ) + -submodule iso- 
morphic to M(l, a/2), and that contain an M(l) + -submodule isomorphic to M(l, a). 
Hence Proposition |3.f 2| follows from Proposition |3.f3| . □ 

Proposition 3.14. (f) Fori G {1,2}, fusion rules of types 

vv T *' T ^ A ( Vt U± 
1 T , ana t + 



L L 



are zero. 

(2) Fusion rules of types 



v+/2 + L <y?±y p [v+ 2+L (y?>±y )> [v- /2+L iy?±y y { v~ /2+L (v^y 



are zero. 



Proof. Since contains the irreducible M(l) + -module M(l) respectively and the 
fusion rules of types ( M(1 ^ {1) $)i )( e)± ) and f M(XY- ^MdW)* ) are zero b ^ Tneorem 



M(l)+ M(1)(0)± J \ M(l)- M(l)(6) d 

[i) and (ii), (1) follows from Corollary |2.4| . 



Next we prove that the fusion rules of types I + L , v Tx,±y I and I + L n/ T 2 ,± v 

V nt/2+L ( V L ) J \ V a/2+L ( V L > 



Vl 1 ^ \ ( vT 2>± 

-L 

w" :::: \ 1 / v? 



are zero. (2) for types ( Vh , Tl ,± v ) and ( Vl /v t 2 .± v ) can be also proved in 

' V a/2+L \ V L ' > J V a/2+L i V L ) ' 



the similar way. 
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By Proposition |3.11| (iii), for i G {1,2} and e G {±}, there exists e' G {±} such that 



the fusion rule of type { , Vl% \ t . En , ) is nonzero. Let (r, e'} = {±|. Then we have to 
prove that the fusion rule of type ( + Vi n/ T i- e v ) ^ s zero - To show this, we prove that 

V a/2+L ( V L ) J 

the canonical projection 



is injective, where p± are the canonical projection from V^* to V^* ,:±: respectively and 
p±oy are intertwining operators defined by (p± o y) (w, z)t> = p±(^ (w, z)t>) for w G V^ 2+l 
and v G (V£ I,£ )'. To prove this, it is enough to prove that arbitrary nonzero intertwining 
operator y of type ( • Vl Tiiey ) satisfies 

\ V a/2+L ( V L ' > J 

Oy(e a/2 + e_ Q/2 , z)6 = {-lf^y{e a/2 + e_ a/2 , z). (3.21) 

Actually if y is a nonzero intertwining operator of the indicated type which satisfies 
( |3-21| ), then p t >{y{e a/2 + e_ a/2 , z)v) = y(e a/2 + e_ a/2 , z)v for v G (V^' e )' and then p € > o ^ 
is nonzero by Corollary |2.4| . 

Let = (V^)', and let V^ 2+i [0] be as of (|3.8|) . Then y gives an intertwining 
operator for M(l) + of type ( + Vl Tj , e Y Thus by Lemma |3l^ (2), we see that 

\ V*/2+Z^°J L J 

Im(i)+\ v + V , L , X/ Ti, c ] is spanned by intertwining operators y ± defined by 

y ± (u,z) = ^(^(w), z)<f>J l for u G V+ 2+L [0}. (3.22) 
Hence there exist constants ci, c 2 G C such that 

z) = Cl y + (w, z ) + caJTfa, z) (3.23) 
for all w G V r Q + 2+L [0]. Now for /3 G f), set 



cxp 



f^^LA z n \ = J2p n ((3)z n G (EndVL«)[[* 



n 

vra=0 / n=0 



Then we have E (e^ + e_|) = pk-i(a)e^ + «)e_| G V^ 2+i [0], and hence 

0s(-B o (ef + e_ f )) = p fc _i(a)e-, 0_a (E (e« + e_ f )) = p ifc _ 1 (-a)e_ f . 
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Thus by ((T^) and QOBQ , we have 



[^ ,y(e f + e_ f ,z)] 
= 0i(ci^(pfc-i(a)e|,2;) + c 2 y (p fc -i(-a:)e_|, z))<j>J x . 



(3.24) 



On the other hand, ( 3.17|) shows that 



[^o,^(e± f ,2)0J 



-n 



ea0 i y(^o(e± f )^)07 1 



l)*- 3 ^y(p fc -i(Ta)e T f^) 



Hence by ( [3.22j ) and (|3.23|) again, we have 



[E ,y(e f + e„ f ,z)] 
= (-l) 5 ^ Cl ([E Q , y + (E (e« + e_ f ), *)] + c 2 [£ , ^(^o(e f + e_ f ), z))) 
= (-l)^Vi(ciy(p*-i(-a)e- f + c 2 y(p fc _ 1 (a)e f ,«))^J 1 . (3.25) 

Subtracting (|3.24j) from ( p.25|) gives the identity 

( Cl _ (-l)^c 2 )0 i (y(p fc _i(a)e f - (-l)^y(p fe _i(-a)e_ f ,z))<f>? = 0. 



Then Lemma |3]^ shows that Ci = (— l)^' 2 c 2 . Since 6y ± {u,z)6 = y T {u,z) for w e 
C/2+LfO], we have (pi. □ 

Now the following proposition follows from Proposition [2.2| , Proposition |3.3| , Proposi- 
tion |3 . 1 1| , Proposition |3.12| and Proposition |3.14| . 



Proposition 3.15. Let W 1 , W 2 and W 3 be irreducible V£ -modules and suppose that one 
of them is of twisted type. Then the fusion rule N^l w2 is zero or one. Assume that W 1 
is twisted type module, then the fusion rule N^l w2 is one if and only if W % (i = 1,2,3) 
satisfy the following cases: 

(i) W 1 = {V^ 1,+ )' and the pair (W 2 ,W 3 ) is one of pairs 

(y£,(y?*)% {v^,vt), (v^ +L ,v^), ((v^y,(v± /2+L y), 

{V\ r +L, (Vl 1 ^)') an d (Vl 1 ^! Vk+l) for 1 < r < k - 1 and r is even, 
(V Xr+L , (Vf 2,± )') and (V^, V K+L ) for 1 < r < k — 1 and r is odd. 
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(ii) W 1 = (V^ 1 ' )' and the pair (W 2 , W 3 ) is one of pairs 

(v?,(v?*yy (v^,v?y (v± /2+L ,v^), ((v^y^v^j), 

(V\ r +L, iyl 1 ' )') an d > ^Ar+i) f or 1 < r < k — 1 and r is even, 

(V Xr +L, {Vl 2,± )') and {V^, V Xr+L ) for 1 < r <k - 1 and r is odd. 

(iii) W 1 = (V^ 2 ' + )' and the pair (W 2 ,W 3 ) is one of pairs 

(v^,(vf •*)'), (y?*v±), (v^ /2+L ,v^), ((v^y,(v? /2+L yy 

(V\ r +L, {Vl 2,± )') an d (y^ 2 ^, V\ t+ l) for 1 < r < k — 1 and r is even, 
(V Xr+L , (V L Tl,± )') and (V^, V Xr+L ) for 1 <r <k - 1 and r is odd. 

(iv) W 1 = {V^ 2, ~y and the pair (W 2 , W 3 ) is one of pairs 

(Y?,(v?*)% (v^^y (v^v^y ((v^y^v^jy 

(V Xr+L , (Vf 2,± )') and (V^, V Xr+L ) for 1 < r < k — 1 and r is even, 
(V Xr+L , (V?^)') and (V^, V Xr+L ) for 1 < r < k — 1 and r is odd. 



Consequently Theorem |3.4j follows from Proposition |2.2| , Proposition |3]7] and Propo- 
sition |3 . 1 5| . 
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